The pairwise quantum correlations of symmetric multi-qubit states are studied by using the geometric measure of quantum discord (GMQD). The explicit expressions of the GMQD for the Dicke states and their superpositions are given. By comparing the GMQD with quantum discord, we conclude that they display similar behaviour. From the results, we know that most of the states we have considered exhibit pairwise quantum correlations.
Introduction
As we all know, quantum states can be divided into entangled states and separable ones. Since entangled states which may violate Bell's inequality show nonlocal features, they have attracted much attention in the research of quantum information and computation [1] [2] [3] . Separable states, at the same time, are considered classical correlated and useless for quantum information processing for a long time. However, recently, it has been found that some separable states contain nonclassical correlations and show their values in quantum computing and information processing [4, 5] . Therefore, the concept of quantum correlations is more general and fundamental than entanglement. As this conclusion is proved both theoretically [6] and experimentally [7] , it is desirable to give an effective measure of quantum correlations.
Quantum discord, as a measure of bipartite non-classical correlation, is a promising candidate and has generated a lot of interest [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . For a quantum state ρ in a composite Hilbert space H = H A ⊗ H B , the total amount of correlation can be quantified by quantum mutual information [16] :
I(ρ AB ) = H (ρ A ) + H (ρ B ) − H (ρ AB ),
with H (ρ) ≡ − Tr[ρ log 2 ρ] the von Neumann entropy and ρ A(B) = Tr B(A) ρ the reduced density matrix by tracing out the system B(A). Taking system A as the apparatus, the quantum discord is defined as follows:
where C(ρ AB ) denotes the classical correlations of the state. Therefore, the quantum discord is the difference between the total amount of correlation and the classical correlation. Here the classical correlation is
where J (ρ|{E k }) is a variant of quantum mutual information based on a given measurement basis {E k } on system A with the form of
Here ρ B|k = Tr A [(E k ⊗ 1)ρ]/p k is the post-measurement state of B after obtaining the outcome k on A with the probability p k = Tr[(E k ⊗ 1)ρ], with {E k } a set of one-dimensional projectors on H A and 1 the 2 × 2 identity operator. It is observed that the quantum discord provides a larger region of quantum states with non-classical correlations. Nevertheless, as the optimization procedure involved in the computation process is unreachable for arbitrary states yet, it still lacks a general method to calculate the quantum discord analytically even for two-qubit systems [17] [18] [19] . In order to obtain the analytical results of the quantum discord, the geometric measure of quantum discord (GMQD) has been proposed recently [20] . Using a geometric method, the GMQD is defined as the nearest distance between the given state and the zero-discord states, where the distance is characterized by the Hilbert-Schmidt norm. The GMQD is given by [20] 
where 0 denotes the set of zero-discord states and X 2 ≡ Tr(X † X) is the Hilbert-Schmidt norm. From equation (4), we know that it contains a process of minimization. Fortunately, the minimization of the HilbertSchmidt distance for two-qubit systems has been resolved analytically in [20] . Therefore, this proposal may provide a simplified way of quantifying quantum correlations, and thus much effort has been devoted to the study of the GMQD recently [20] [21] [22] [23] [24] .
Here we emphasize that as pointed out in [25] , every measure of entanglement should be non-increasing under every completely positive trace preserving map. Since the Hilbert-Schmidt distance does not satisfy this property which is proved in [26] , it is not suitable to be used for entanglement measurement. While unlike entanglement, for quantum discord this property is not necessary. Therefore, the HilbertSchmidt distance is suitable to measure the quantum discord, as pointed out in [20] . The criteria for measures of quantum correlations are discussed in [27] , and the increase of quantum discord under local operations is further investigated in [28] .
In the study of entanglement, multipartite states are at the centre of interest. In [29] , the pairwise entanglement in symmetric multi-qubit systems is studied, discussing whether a random pair of particles drawn from a symmetric state of N two-level systems are in an entangled state or not. In this paper, by applying the GMQD, we can investigate the pairwise quantum correlations for such states. Dicke states [30] play an important role for the study of multi-particle states, and they may be conditionally prepared in experiments by the quantum non-demolition technique [31] [32] [33] . Thus, Dicke states become the focus of both experimental [34] [35] [36] [37] and theoretical studies [38] [39] [40] [41] . The W state [42, 43] , which was first given in the work on three-qubit classification based on stochastic local operations and classical communication, is one of the Dicke states. Besides, the GHZ states [44] , which are also intensively studied, are superpositions of Dicke states. Also, the coherent spin states (CSSs) [45] [46] [47] can be expanded in terms of Dicke states. Therefore, Dicke states act as a rich resource of quantum correlations as required for quantum information applications, and we will study the pairwise quantum correlations for Dicke states and their superpositions in this paper. This paper is organized as follows. In section 2, we give a concrete form of the GMQD and discuss the GMQD for a kind of X-state. In section 3, the GMQD for Dicke states and their superpositions (generalized W states and GHZ states, the superpositions of two Dicke states, and even and odd CSSs) are given. In section 4, we discuss the relations between the GMQD and the quantum discord. In section 5, the conclusion is given.
Concrete form of the geometric measure of discord
For two-qubit systems, a general state can be written with Fano-Bloch decomposition as [48, 49] 
with x i , y i and R ij the real parameters and σ i=1,2,3 the Pauli matrices. First, we introduce a correlation matrix given by
and R a 3 × 3 matrix with the matrix elements R ij . The elements of the matrix are given by R ij = Tr(ρσ 
where k max is the largest eigenvalue of the matrix K = xx T + RR T . Another 3 × 4 matrix can be obtained through deleting the first row of R:
is just the summation of the eigenvalues of K. Thus, a more convenient expression of the GMQD is given by [21] 
with λ 1 , λ 2 and λ 3 the eigenvalues of K. Therefore, the comparison of these eigenvalues is a key factor in the calculation procedure of the GMQD, and one needs only to find the two smallest ones. In this paper, we consider an ensemble of N spin-1/2 particles with the ground state |1 and excited state |0 . This system has exchange symmetry, and its properties can be described by the collective operators
σ kα (10) for α = x, y, z. In order to study the GMQD for this system, we consider a state of two qubits which have been extracted from the whole ensemble. Specifically, we concentrate on the states with exchange symmetry and parity, whose two-qubit reduced density matrix can be written as
in the basis of {|00 , |01 , |10 , |11 }, with v + , v − and y real, and u * the complex conjugate of u. The elements of the density matrix can be represented by the expectation values of the spin components [29, 50] ,
where J ± = J x ± iJ y . These kinds of states belong to the socalled X-states whose algebraic characterization is presented in [51] . As these states are special cases of general X-states given in equation (A.4), their transformation matrix can be readily obtained as
with the non-zero elements given by
After a straightforward calculation, we obtain the eigenvalues of the matrix K for these states as follows:
Substituting equation (14) into equation (15), the eigenvalues above expressed by the elements of the density matrix are obtained in the following [24] :
Since y is always greater than zero, λ 2 λ 3 , and the maximum of the eigenvalues is λ 1 or λ 2 . Therefore, for these X-states, equation (9) is reduced to a simpler form
Thus, we need only to compare the two eigenvalues λ 1 and λ 2 .
This result reveals that, by calculating expectation values of spin components, the GMQD of all the states with the form of equation (11) can be achieved (actually, the GMGD for all the X-states can be achieved [24] ). As the two-qubit reduced density matrix of Dicke states and many of their superpositions have the form of equation (11), the pairwise quantum correlations for such states can be studied by using the results in this section. In the following section, we give the GMQD of such states as examples.
GMQD for Dicke states and their superpositions
Having obtained the GMQD for the states with the form of equation (11), now we use it to investigate the pairwise quantum correlations for the Dicke states and some of their superpositions. For simplicity, we begin by studying the case of Dicke states.
Dicke states
The so-called Dicke states under consideration are defined as [30] 
where N is the number of spins and n is the excitation number of qubits. For example, the states |0 N and |1 N are explicitly written as
These states are eigenstates of the collective spin operatorsĴ 2 and J z .
As we have discussed in the previous section, to obtain the GMQD, we need to calculate the expectation values of the spin components for the stats |n N , which are
Substituting these values into equations (12) and (16), the eigenvalues of K for the Dicke states can be derived as
Since they are functions of N and n, we will discuss the properties of the GMQD in two cases with N and n fixed, respectively. In the case when N is fixed, λ 1 and λ 2 are functions of n. When n = 0 or n = N , λ 1 = 1 and λ 2 = λ 3 = 0, which lead to D G = 0. As the Dicke states are reduced to product states then, this means that there are no pairwise quantum correlations in the product states, as shown in figure 1(a) . To compare the eigenvalues λ 1 and λ 2 straightforwardly, one can find that when
with
The two special points n ± just correspond to the two maxima which can be seen in figure 1(a) (n = 6, 14 specifically). It can also be seen that the GMQD is symmetric with n = N/2, namely the GMQD of the states |n N and |N − n N are the same. Actually, there is a local unitary transformation between these two states which is |N − n N = σ N x |n N , and the GMQD is invariant under local unitary transformation. If we can prove these two conclusions, the symmetry of the GMQD is spontaneous.
Firstly, we prove
where
Secondly, we prove the invariance of the GMQD under local unitary transformation. After an arbitrary local unitary transformation, the two-qubit density matrix becomes
where U A and U B are unitary transformations of qubits A and B, respectively. It is noted that there is a unitary transformation on each of the Pauli matrices. The transformations of the Pauli matrices can be described by the transmission matrices M A and M B defined as (26) can be written as
T ; the states after the local unitary transformation may be regarded as still in the form of equation (5). Correspondingly, after the local unitary transformation, the matrix K becomes
As the eigenvalues of a physical quantity are invariable under unitary transformation, the GMQD in terms of the eigenvalues of K is also invariable. These two conclusions lead to the symmetry of the GMQD, and also a local minimum at n = N/2 (n = (N − 1)/2 and (N + 1)/2 if N is odd).
Then, the case with n fixed is shown in figure 1(b) . When n = 1, the Dicke states are reduced to the generalized W states. From equations (17) and (21), we know that the GMQD for the generalized W states can be written as
which corresponds to the first curve in figure 1(b) . The GMQD decreases monotonically with the increase of N. However, with the increase of n, the curves are not monotonic any more. When n = 2 and n = 3, as is shown in the figure, every curve has a local minimum and maximum. Besides, the GMQD of all the states decay to zero when N is large, which means that the pairwise quantum correlations of the Dicke states tend to zero as N is large enough.
Generalized GHZ states
Now we discuss the GMQD of the generalized GHZ states which are superpositions of two special Dicke states. The generalized GHZ states which are important in the research of quantum mechanics are states in the following form:
For such states, the spin expectation values are
Then, following the procedure in the previous subsection, the eigenvalues of K can be obtained as
which lead to
by using equation (17) . The result shows that there are no pairwise quantum correlations for the generalized GHZ states, which coincides with the results in [15] .
Superpositions of Dicke states
In this subsection, we investigate a more general superposition of Dicke states, which reads
with the angle θ ∈ [0, π) and relative phase ϕ ∈ [0, 2π). Then the expressions of the relevant spin expectation values are
It is easy to check that these results are reduced to equation (20) when θ = 0. The GMQD for these states can be obtained by repeating the previous processing step. As D G is not a function of φ, we discuss the GMQD versus θ in the following. Specifically, when n = 0 the eigenvalues of K are given by
It is noted that D G is a periodic function of θ with period π . Accordingly, we plot the GMQD versus θ within one period.
To compare the eigenvalues λ 1 and λ 2 , we find that there are two cases. When N < 8, as can be seen in figure 2(a) (N = 3), the maximum eigenvalue is λ 2 in the middle region and λ 1 at the edge near 0 and π . Therefore, there are three local maxima of D G which are shown in figure 2(c). The first and third maxima display just at the point when λ 1 = λ 2 . While the second one occurs at θ = π/2 which is due to the symmetry of equation (37) . We also observe in figure 2(c) that there exist two special values of θ , θ = π/3 and θ = 2π/3, where the GMQD is zero. These zero values of the GMQD are induced by λ 1 = λ 3 = 0 at these two points (while λ 2 is the maximum), which can be obtained straightforwardly from equation (37) . 
Even and odd CSSs
At last we investigate the GMQD for the even and odd CSSs. The CSS is obtained by a rotation of the spin state |N/2, N/2 , which in turn is the product state of all N particles in the |0 state. The even and odd CSSs are superpositions of Dicke states with the form of n C n |n N , in which the excitation numbers are even and odd, respectively. They can be written in terms of the CSSs [45, 46, 52] as
where values of the spin components for these states are
where [A, B] ± = AB + BA is the anticommutator for the operators A and B, and v
. Using the conclusion in [29] , we know that the two-qubit reduced density matrices of even and odd CSSs are with the form of equation (11), too. Then the GMQD of the even and odd CSSs can be achieved through the same procedure.
In figure 3 , the GMQD of even and odd CSSs versus η are plotted. From the figures, we observe that when η → 1, D G → 0 for both even and odd CSSs. It is noted that in this case, the even and odd CSSs are reduced to the generalized GHZ states in the x direction [46] 
From the previous discussion we know that D G = 0 for the generalized GHZ states in the z direction. Moreover, it is known that equation (42) can be obtained from a generalized GHZ state in the z direction through a unitary transformation. Since D G is invariant under unitary transformation, the GMQD for the generalized GHZ states in the z direction is zero, too. It is also observed that the GMQD of every even CSS tends to zero as η → 0, while the GMQD of odd CSS does not tend to zero until N is large enough. When η → 0, the even CSSs degenerate to |0 N which are product states, so that their GMQD are equal to zero, while the odd CSSs degenerate to generalized W states when η → 0. Equation (29) shows that D G for the W states are not zero, and they decrease with the increase of N. When N is large, they tend to zero. We can see from figure 3 that every curve has a maximum value, which varies with N. In order to study the variation of the maximum value D When N is large, the reduced density matrices of the even and odd CSSs are reduced to the same state which reads (see appendix B for the derivation)
Then the eigenvalues of K for them are
Then the maximum of D G when N is large is
3) 4 ≈ 0.11, at the point of η = 2 − √ 3 ≈ 0.52, which coincides with the conclusion we have obtained in the figure.
Comparison of the GMQD, quantum discord and concurrence
In the previous section, by using the GMQD, we have discussed the quantum correlations for the Dicke states and some of their superpositions. In this section, we compare the behaviour of the GMQD, quantum discord and the concurrence. Taking the states in equation (34) as examples, which is
we plot the curves of these three quantities in figures 5 and 6 in one period. The curve of the GMQD is plotted with the analytical results in equation (37) , the quantum discord is plotted numerically (the method is shown in [15] in detail) and the concurrence is plotted by using the results in [53, 54] . In figure 5 , the curves of the GMQD and quantum discord are plotted by considering the cases of N = 3, n = 0 and N = 4, n = 1. We can see that the curves almost have the same trend, and most of the extreme points coincide. It is also observed that the GMQD have subtle differences with the quantum discord. As is shown in figure 5(a) , the first and third local maxima of the GMQD do not coincide with the quantum discord. This conclusion does not only exist in the states we have considered in this section, but also in all the states we have studied in the previous section. This feature shows that the same as the quantum discord, the GMQD can be used to measure quantum correlation.
The relation between the GMQD and concurrence is shown in figure 6 , with the states N = 5, n = 0 and N = 5, n = 2. In figure 6 (a), we observe that the concurrence is zero in two regions, which means that there is no pairwise entanglement. However, the GMQD does not have the zero region (it has only two zero points at θ = 0 and θ = π ), and it even has two local maxima when the pairwise entanglement is zero (see the first and third maxima of the GMQD). This shows that the GMQD is more robust than concurrence. That is because the GMQD describes quantum correlation which is a more general and fundamental concept than entanglement. In figure 6(b) , at the point θ = π/2, the concurrence is maximum, while the GMQD have a local minimum. Therefore, we know that the behaviour of these two quantities is quite different.
Here we emphasize that, unlike quantum discord and concurrence which are scaled from 0 to 1, the GMQD is scaled from 0 to 1/2. We can prove this in the following. By using the conclusion in [55] , we know that D G (ρ) 1 6 Tr(K) =
Since
we obtain
Then,
is obtained straightforwardly. Therefore, the maximum value of the GMQD is 1/2, which is the same as the states with maximally mixed marginals mentioned in [20] . From the comparison we have made in this section, we know that the GMQD and quantum discord have similar behaviour. They all describe quantum correlation, while they also have subtle distinctions. The GMQD and concurrence are two different quantities, and the former is more robust than the latter.
Conclusion
In this paper, in order to investigate the pairwise quantum correlations, we consider the case of a single pair of qubit extracted from a whole ensemble. At first, we derived the general expression of the GMQD for the states with exchange symmetry and parity. Then, a number of examples were provided, and all their analytical results were obtained and discussed. The geometric way of measuring quantum correlations has shown its advantages in simplifying the calculation process. From the results, we know that most of the states we have considered exhibit pairwise quantum correlations (except generalized GHZ states).
At the last part of the paper, we compare the behaviour of the GMQD, quantum discord and concurrence. Since the curves of the GMQD and quantum discord almost have the same trend, the results confirmed our assumption that the GMQD can also be a candidate of measuring quantum correlation. It is to be noted that there are subtle distinctions between these two quantities. The GMQD and concurrence are two different quantities, and the former is more robust than the latter. two-qubit states and X-states Considering a two-qubit density matrix with the common form Rewriting this density matrix in the form of equation (5), the corresponding correlation matrix is obtained as follows: 
Appendix B. Density matrix of the even and odd CSSs when N is large
In this appendix, we derive the approximation form of the twoqubit reduced density matrix for the even and odd CSSs when N is large. Equation (40) 
